In the previous paper, it was shown that the graph U. ÷ 1 obtained from the wheel W n ÷ 1 by deleting a spoke is uniquely determined by its chromatic polynomial if n >i 3 is odd. In this paper, we show that the result is also true for even n >~ 4 except when n = 6 in which case, the graph W given in the paper is the only graph having the same chromatic polynomial as that of U 7. The relevant tool is the notion of nearly uniquely colorable graph.
a single vertex and the cycle Cn on n vertices. The graph U.+ ~ is obtained from Wn÷l by deleting a spoke which is an edge joining the single vertex to a vertex on Cn.
In [2] , it is shown that Un + 1 is chromatically unique if n >~ 3 is odd. In this paper we shall show that the result extends to all n ~> 3 except for n = 6 in which case, the graph W of Fig. 1 is the only graph having the same chromatic polynomial as that of UT. The relevant tool is the notion of nearly uniquely colorable graph. A graph is nearly uniquely s-colorable if it has chromatic number s and there are precisely two ways of partitioning its vertex set into s independent subsets, up to permutation of these independent subsets. In terms of chromatic polynomial, if a graph G is nearly uniquely s-colorable, then P(G;s) = 2(s!). Notice that if n/> 4 is even, then U~÷~ is nearly uniquely 3-colorable. Another example of a nearly uniquely 3-colorable graph is the graph W of Fig. 1 .
Suppose G is nearly uniquely s-colorable. Let Vo ..... Vs-x be the color classes of an s-coloring of G. Then for any 0 ~< i ~< s -1, we may write the color class V~ as V~ = Zi w Xi where Zi is the set of those vertices always sharing the same color in any s-coloring of G; X~ has the similar property except that in a different s-coloring, all vertices in X~ may get possibly a color different from those in Zi. ProoL Since G is nearly uniquely s-colorable, there are exactly two different partitions of the vertex set of G into s color classes. Let V0 ..... V~_ 1 be the color classes of an s-coloring of G. Suppose for some i # j, ( V~ u Vj) has c connected components St ..... So. Then, for any 1 ~< k ~< c, at least one OfSk n V/and Sk n Vj is non-empty. By interchanging the color OfSk n V~ with those in Sk n Vj, we get a different partition of the vertex set of G into s color classes. But ifc/> 3, there are at least four different ways of doing this. So c ~< 2.
If there are two or more subgraphs which are disconnected, we can also argue in a like manner to get a contradiction that there are more than two ways of partitioning the vertices of G into s color classes.
If the disconnected 2-color subgraph consists of two isolated vertices, then these two vertices may be colored with the same color giving an (s -1)-coloring of G, which is a contradiction.
[]
Proposition 2. Let G be a nearly uniquely s-colorable graph on n vertices. Suppose s >t 3 and assume that each 2-color subgraph is a tree. Then G has at most (~21)n -2(~) -2 triangles.
Proof. For 0 ~< i ~ s -1, let V, Zi, X~ and a(i) be as defined before Theorem 1. If tr is written as a product of disjoint cycles, then a contains no cycles of length 2 because any 2-color subgraph is connected. Let a o be a cycle of length t (>/3) in a. By relabeling the color classes, if necessary, we may write a0 = (01-..t -1).
Consider the subgraph J = ( V o ~ ... u V~_ 1 ). Note that no vertex in Zi is adjacent to any vertex in Xi w Xi+~. The subscripts are reduced modulo t. Hence, in the subgraph ( V~ u V~ + 1 ), vertices in X~ + 1 are adjacent only to vertices in X~. Also, some vertices in X~ must be adjacent to some vertices in Z~+ 1.
Let Q = ( vi u Fj u Vk ), i < j < k, be a 3-color subgraph of G and consider the number of triangles in Q. Note that ( Vj ~ Vk) is a tree. For each x e V/, let A (x) denote the number of triangles in Q containing x. Then, by the lemma given in 12], A (x) = [N(x)t -co(x) where co(x) denotes the number of components in the subgraph N(x) c~ ( Fj w Vk). Summing up A(x) for all x E /7/, we see that the number of triangles in Q is
which is equal to IQI + I~l -2 -Ex~ <co(x) since Ex~ v, IN(x) [ is the number of edges from V/to ( Vj vo Vt ). So the maximum number of triangles in {2 is IQI -2 and this occurs if and only if co(x) = 1 for all x e V/. If each 3-color subgraph {2 of G attains this maximum number of triangles, then the number of triangles in G is (*2*)n -2(~). To establish the lemma, it suffices to show that there is a 2-color subgraph Jo of J and two vertices x in J -go such that N(x} ~ Jo has two components, or there exist two 2-color subgraphs -I1 and J2 and some vertex x~ in J -Ji such that N(x,) m & has two components, i= 1,2. If s = 3, then t = 3. Evidently, there is a vertex w ~ X0 that is adjacent to a vertex w l e X~ and to a vertex z l e Z 1. Now, in the subgraph (I/1 u V 2 ), there is a path from w I to z 1 via a vertex in Z2. This implies that N(w) m ( V~ w I"12 ) has two components (since no vertex in Xo is adjacent to a vertex in Z2). Similar argument shows that there is a vertex z in Zo such that N(z) c~ ( I/1 w V2 ) has two components.
Supposes >/4. If t = 3, applying similar argument as before (to the subgraph ( Vow I/1 w /72 )) will lead to similar conclusion.
Assume that t/> 4. For any i such that 0 ~<i~< t-l, consider the subgraph
By applying the action of a, we see that there is an edge joining a vertex z in Z~ and a vertex w in X~+2. Now, by the notes given in the second paragraph, we see that w must be adjacent to some vertex in Xi+l. Evidently,
N(w) ~ (V~ ~ V~+ 1) has at least two components. Since there are t choices of Q~, we can have t such vertices. This completes the proof. [] Lemma 3. Let G be a nearly uniquely 3-colorable graph without cut vertices. Suppose G has n ( > 3) vertices, 2n -3 edges and n -3 triangles. Then in any 3-coloring of G, there is a 2-color subgraph X such that X is disconnected with exactly two components.

Further, there are exactly two vertices x in G-X such that N(x) has exactly two components, one in each of the connected component of X; for all other vertices, N(x) is connected.
Proof. Since G has n -3 triangles, it follows from Proposition 2 that not every 2-color subgraph is a tree. Since G has 2n -3 edges, there must be a 2-color subgraph X of G that is disconnected. By Theorem 1, X has exactly two components Ax and A2. Also, any other 2-color subgraph is connected. Consequently, there exists a vertex x~ in G -X such that xx is adjacent to vertices in Ax and A2. Since xt is not a cut vertex, there is also another vertex x2 • G -X with similar property as x~. The number of edges in X is [XI -k for some k • {1, 2}. So the number of edges from G -X to X is 2n + k -IX I -3 which is the sum of all IN(x)l with x ranging over G -X. Let A (x) denote the number of triangles containing x, and let to(x) denote the number of components in N(x).
If X is a forest, then k = 2 and A (x) = I N(x)l -to(x). If X is unicyclic, then k = 1 and the cycle C in X is of even length. In this case, A (x) is either IN(x)] -to(x) or else I N(x)l -to(x) + 1. The latter case is possible only if x is adjacent to all the vertices of C (and there is only one such x).
To finish the proof, we need only sum up A (x) for all x in G -X to find out that there are precisely two vertices x for which to(x) = 2, and that to(x) = 1 for all other vertices. [] Before going into the proof of the main theorem, we shall recall some necessary conditions for two graphs to have the same chromatic polynomial. Let C* denote a chordless C,, n ~> 3. Let Ao, Bo and DG denote, respectively, the number of C*, n = 3, 4 and 5 in the graph G. Also, let Co, Lo, Mo, PG and Ro denote, respectively, the number of K4, Ks, K2, 3, Us and W5 in G. It is well-known that if two graphs G and Y have the same chromatic polynomial, then they have the same number of vertices and the same number of edges. Further, Ao = Ar and Bo-2Co = Br-2Cr by Theorem 1 of [4] . If in addition, G has chromatic number 3, then Co = 0 = Cr, and so Bo = By in this case.
In the event that G = U,+I, we have Ao = n -2, BG = 1, Co = 0, Do = 0, Lo = 0, Mo = 0 and Ro = 0. Also, if n/> 6, then Po = 0. So if there is a graph Y such that P(Y; 2) = P(U, + 1; 2), n/> 6, then by an application of Theorem 2 of [4], it follows that Dr = 3Rr.
Theorem 4. For any n >1 3, U, + 1 is chromatically unique except when n = 6, in which case, W is the only 9raph havin9 the same chromatic polynomial as that of U7.
Suppose Y and U.+I have the same chromatic polynomial. Then Y is nearly uniquely 3-colorable. Let Vo, V1 and V2 be three color classes of Y. Further, let Gi = ( V~+I w V~+2) where i = 0, 1,2, and the subscripts are reduced modulo 3.
Since Y satisfies the conditions of Lemma 3, we may assume that Go is disconnected with components Go, 1 and Go, 2. The proof takes advantage of the fact that only one of the Gi is unicyclic. For this reason, we may sometimes interchange the colors of Go, j in order to get a cycle. For each i = 1,2, let xi ~ Vo be such that N(xi) has two components, one in each Go,j. Let N = N(xl) n N(xz) . Then IN[ ~< 3 since B r = 1. Let Nj = N c~ Go. j. If LNjl > 0, we treat Nj as a single vertex. Let uj be an end-vertex of Go,j furthest away from Nj and such that its neighbor w (in Go.t) is of least possible degree. If [Nil = 0, we treat N(x~) ~ Go, j as a single vertex (regardless of the choice of i), and let uj be an end-vertex of Go,j with similar property as before.
Since (2 -2) 2 does not divide P(Y; 2), for each end-vertex v of Go,j with v c N(w), v is adjacent to at least two vertices of Vo; and for each z in V0 that is adjacent to v, z is also adjacent to w and to at least one vertex y in N(w) c~ Go,j -{v} if z is neither xl nor xz. Let F be the set of all vertices z in Vo such that z is adjacent to some vertices of
Because of the choice of u j, N(w) c~ Go,j has at most two non-end-vertices of Go,j. Suppose v~ and v2 are two vertices of N(w) c~ Go,j that are not end-vertices of Go,j. Then Go is unicyclic and vl, w and v2 are three consecutive vertices on the cycle C of Go. In this case, note that there is a vertex u in F that is adjacent to all the vertices of C (for otherwise the number of triangles in Y is less than n -2). Except possibly either v~ or v2, each vertex in (H) has degree at least 2. This means that (H) contains a cycle. If N(w) c~ Go.j has only one vertex that is not an end-vertex of Go,t, then again (H) contains a cycle. If all the vertices in N(w) c~ Go, j are end-vertices, then I Njl = 1 and Go,j is a star K1,r where r = [Go,jI -1.
Assume that Go is unicyclic. Then the argument in the preceding paragraph implies that Go. a = C and Go, 2 is a path. If I Go, 21 = 1, then by changing the color of Go, 2 if necessary, we see that there is a cycle in G~ for some i> 0 and this is clearly a contradiction. So I Go.21 >/2. If I Go, 11/> 6, then we will obtain a contradiction because it is readily seen that either Br = 0, or else Br >/2. If I Go, 11 = 4, then Rr >/ 1 and this implies that Dr >~ 3; but there is no way that we could arrive at Dr >/3.
Assume now that Go is a forest. Suppose I NI = 3. This is possible only if Go, 1 = K1,2, for otherwise Br >~ 2. Since Rr = 1, it follows that Dr = 3. Now this is possible only if Go, 2 = K2, in which case Y is isomorphic to W. Suppose I N I = 2. Assume that I Nj I = 1 for each j. Then {x 1, x2, N1, N2 } is a cycle in G~ (by interchanging the colors of Go, j if necessary). This means that uj is of distance at most one from N i. Also, Go, 1 = Kl,r where r = IGo,~l -1 and Go,2 = K1. This will then result in Y isomorphic to U, + 1.
Assume that I Nll = 2 or that I Nll ~< 1. Since Br = 1, we see that C* must be contained in some Ws, but then it is impossible to have Dr = 3.
This completes the proof. []
